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ABSTRACT 
We introduce a class of structure matrices called transpose complemental' 
structure matrices. We give a characterization f the n-extendable transpose comple- 
mentary structure matrices with trace k, where k = 0, 2. We 'also prove that a 
nonsingular matrix and its inverse have the same S-rank lbr this class of structure 
matrices S. © 1998 Elsevier Science Inc. 
1. INTRODUCTION 
The off-diagonal rank of a square matrix A of order n is defined to be the 
maximum order of the nonsingular submatrices of A which do not intersect 
the main diagonal. It has been shown that if A is a nonsingular matrix, then 
the off-diagonal ranks of A and A 1 are equal. In [2], Fiedler and Markham 
generalized the notion of off-diagonal rank to that of  structure rank. 
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As usual, we denote by A[KIL] the submatrix of A determined by the 
rows whose index is in K and the oclumns whose index is in L. I f  L = K, we 
denote A[ K IL] by A[ K ]. The size of A[ KILl is I KI + ILl. m structure matrix 
S is a (0, 1) matrix S = (sij) of order n. An S-submatrix of A is a submatrix 
A[KIL] of A such that sk l= 1 for all (k, l) in K × L. Let S be a structure 
matrix with only O's on its main diagonal. We call S n-extendable if every 
all-l's submatrix S[K[L] of S can be extended to an all-l's submatrix of size 
n. The S-rank of A, denoted by r(S; A), is the maximum rank of the 
S-submatrices of A. 
Let Jr, denote an all-l's matrix of order n. The J,~-rank of A is the 
ordinary rank, and the (Jn - In) -rank of A is the off-diagonal rank. 
Let T n denote the strictly upper triangular (0, 1) matrix. Fiedler in [4] 
proved that A and A-1 have the same Tn-rank. He also proved that A and 
A -1 have the same off-block-diagonal rank and the same strictly upper 
block-triangular rank. Brualdi and Massey in [1] characterized those structure 
matrices avoiding the main diagonal for which a matrix and its inverse have 
the same structure rank. In this paper we shall characterize a class of more 
general structure matrices S where avoiding main diagonal is not required 
and a matrix and its inverse have the same S-rank. 
2. PRELIMINARIES 
Let B = (bij) be a (0, 1) matrix of order n. The digraph D(B) of B has 
vertices 1, 2 . . . . .  n and an arc (i, j )  from a vertex i to a vertex j if and only if 
bij = 1. Note if bii = 1, then there is a loop (i, i) at vertex i. A digraph is 
called transitive provided that whenever (p,  q) and (q, r)  are arcs of D, 
(p, r) is also an arc of D. Let D 1 and D 2 be two subgraphs of digraph D 
and vertex set V(D 1) 0 V(D 2) = 0 .  Then D 1 and D 2 are called transitively 
connected if for any arc (p,  q) ~ D and arc (q, r)  ~ D, where p, q, r 
V(D1) tO V(D2) ' and p, q, r are not all in the same V(D 1) or the same 
V(D2), we can deduce that the arc (p,  r)  ~ D. A digraph D is called a 
directed complete bipartite graph provided that 
and 
V(D)  = V 1 L0 V2, where W 1 ["1 W 2 = Q~, 
if p ~ El, q E W2, then (p ,  q),  (q, p) ~ D; 
if p ,q  ~ V l (o rV2) ,  then (p ,q )  ~D.  
I f  D is an empty digraph, then D is still called a directed complete 
bipartite graph. 
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[All Alo] 
A = 
A2] A22 
be a partitioning of a nonsingular matrix A, and 
[Bll Bl2 l 
A ~=[B~I B~] 
be the corresponding (i.e., transpose) partitioning of A -1. Then the nuUities 
n( Ajl) and n(B22) are equal. 
PROPOSITION 2 [2, Corollary 3]. Let All be a p X q submatrix of a 
nonsingular matrix A of order n. Then the complementary submatrix B22 of 
A J has rank 
r(B22 ) = r (Au)  + n -p  -q .  
PROPOSITION 3 [1, Theorem 1]. Let S = ( sq) be a (0, 1) matrix of order 
n with only O's on its main diagonal. Then S is an n-extendable matrix if and 
only if the digraph D of ( Jn - S) is transitive. 
3. A CHARACTERIZATION OF TRANSPOSE COMPLEMENTARY 
STRUCTURE MATRICES 
A (0, 1) matrix S of order n is called a transpose complementary TC 
structure matrix if (1) the size of every all-l's submatl-ix S[ K]L] of S is equal 
to or less than n, and (2) whenever S[K]L] is any all-l's subinatrix of S with 
size n, then S[LIK] is also an all-l's submatrix of S with size n, where 
= (n) \L ,  K = (n ) \K ,  and (n)  = {1,2 . . . . .  n}. ATC structure matrix S 
of order n is called an n-extendable TC structure matrix if every all-l's 
submatrix S[KIL] of size less than n ean be extended to an all-l's submatrix 
of size n. 
Clearly an n-extendable (0, 1) matrix of order n with only 0's on its main 
diagonal is an n-extendable TC structure matrix. 
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For example, 
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[i1101il  01011 S= 1 0 1 0 
1 1 0 1 
1 1 1 1 
1 1 1 0 
is a 6-extendable TC structure matrix. 
Characterization of  an n-extendable TC structure matrix of order n is a 
rather difficult problem. Now we give a characterization of an n-extendable 
TC structure matrix of order n with trace 2. 
LEMMA 1. Let S be a TC structure matrix of order n with trace 2. 
Suppose the following conditions hold: 
(1) The subgraph 01 = D( Jn _ 2 - S[E]) of D( J, - S) is transitive, where 
E = (n ) \{ i , j}  and {i,j} is the set of indices of entries 1 on its main 
diagonal. 
(2) The subgraph D 2 = D(Jz - S[{i,j}]) of D(J~ - S) is a nontrivial 
directed complete bipartite graph, where {i, j} is defined as in (1). 
(3) D 1 and D 2 are transitively connected, and there is no cycle of length 
2 connecting D 1 and D 2. 
Then S is an n-extendable TC structure matrix. 
Proof. Let S satisfy conditions (1)-(3). Without loss of  generality, 
assume E = (n -2 )  and i=n-1 ,  j=n .  Let S[KIL] be an all-l's 
submatrix of S with size r, where r < n. 
First we show that at most one main-diagonal position is included in 
S[K]L]. Suppose that {n - 1, n} ___ K f3 L. Then S[{n - 1, n}] is an all-l's 
submatrix of S, and D 2 = D(J2 - S{n - 1, n}]) is an arcless diagraph. This 
contradicts the assumption that D 2 is a nontrivial directed complete bipartite 
graph. 
(A) Assume that exactly one main-diagonal position is included in the 
submatrix S[KIL]. Without loss of generality, we assume n - 1 ~ K ¢3 L. 
Let K = K 0 to {n - 1}, L = L 0 tO {n - 1}. Then Ko, L o c_ V(DI). I f  there 
exists p ~ K 0 tO L 0 such that sn_l, p = O, where K 0 tO L0= (n  - 2 ) \K  0 tO 
L 0, then by the fact that there is no cycle of length 2 connecting D 1 and D 2, 
we have 8p, n_  1 = 1. We show that S[{p}IL o] is an all-l's submatrix of S. 
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Otherwise, there exists t ~ L o such that spt = 0. Since D 1 and D 2 are 
transitively connected, we have s n_ 1, t = 0. This contradicts the assumption 
that S[KIL] is an all-l 's submatrix. Therefore S[K U {p}lL] is an all-l 's 
submatrix of size r+ 1. If  there exists p ~ K 0 UL0= (n -2) \K  0 UL  o 
such that Sp,,_ 1 = 0, then we can show S[KIL U {p}] is an all-l 's submatrix 
of size r + 1 by using the sarfie process as above. If for any q ~ K 0 U Lo, 
Sq,,_l = land  s n_l,q = 1, we show that there exists p ~ K 0 UL  0= (n -  
2 ) \  K o U L o such that either S[Kol{p}] or S[{p}IL o] is an all-l 's submatrix. 
Otherwise there exist k e K 0 and l ~ L 0 such that skp = 0 and spz = O. 
Then we have skz = 0, which contradicts the assumption that S[KoIL o] is an 
all-l 's submatrix. Therefore either S[K U {p}lL] or S[KIL U {p}] is an 
all-l 's matrix of size r + 1. 
(B) Assume that no main-diagonal position is included in the submatrix 
S[KIL]. Suppose n -  1 and n are not both elements of K U L. It is 
sufficient to show the case n - 1 ~ K U L. If S[Kl{n - 1}] is an all, l 's 
submatrix, then S[KIL U {n - 1}] s an all-l 's submatrix of size r + 1. If 
there exists t ~ K such that st, n 1 = O, then S[{n-  1}ILl is an all-l 's 
submatrix. Otherwise there exists p ~ L such that sn_ 1 p = 0. By condition 
(3), we have 8tp = O. This contradicts the assumption that S[K]L] is an all l 's 
submatfix. Thus S[K U {n - 1}IL] is an all-l 's submatrix of size r + 1. 
Suppose n - 1 and n are both elements of K U L. Since s,,_ 1,,, = 0 and 
s ..... -1 = 0, we consider only two cases: n -1 ,  n ~K and L ~V(DI ) ;  
K ~ V(D 1) and n - 1, n ~ L. It is sufficient o show the case K ~ V(D 1) 
and n -  1, n ~L .  Let K=K 0, L =L  0 U{n-  1, n}. Then Ko, L 0 e 
V(D 1) and K onL  0=Q,and lKo l+ lLo l=r -2 .C lear ly r -2<n-2 .  
Since condition (1) holds, the submatrix S[KolL o] of size r - 2 can be 
extended to an all-l 's submatrix S[KIIL l] of size r -- 1, where K1, L 1 
V(D1). If K 1 = K 0 and L 1 = L 0 U {u}, then S[Kl[L l U {n - 1, n}] is an 
all-l 's submatrix of size r + 1. If K1 = K 0 U {v} and L 1 = L 0 and S[{v}l{n 
-1 ,  n}] is an all-l 's submatrix, then S[KIIL 1 U {n-  1, n}] is an all-l 's 
submatrix of size r + 1. If K 1 = K o U {v} and L1 = L o and S[{v}l{n - 1, n}] 
is not an all-l 's submatfix, then we can show that there exists p ~ K o U L 0 = 
(n  - 2>\K  0 U L 0 such that either S[K o U {p}lL o U {n - 1, n}] or 
S[K01L 0 U{p,n -  1, n}] is an all-l 's submatrix of size r+ 1 by using a 
process similar to (A). Therefore any' all-l 's submatrix S[KIL] of size r can 
be extended to an all-l 's submatrix of size r + 1. 
Repeated the application of processes (A) and (B) produces an all-l 's 
submatrix of size n. • 
LEMMA 2. Let S be an n-extendable TC str~wture matrix of order n with 
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trace 2. Then D 1 = D( J , _  2 - S[E]) is transitive, where E and {i, j} are 
defined as in Lemma 1. 
Proof. Let the arc (p,  q) ~ D 1 and (q, r)  ~ D~. Then Spq = Sqr = O. 
Without loss of  generality, we assume i = n - 1, j = n, and ( p, r)  ~ D 1. 
Then Spr = 1. Since S is n-extendable, there exists an all-l's submatrix 
S[ K IL] of size n containing Spr. Then q q~ K U L by__Spq = Sqr = 0. Thus 
we have q ~ K U L= K (~ L. This implies that q ~ K and q ~ L,. Hence 
Sqq is an element of S[ LI K ]. Noting that S is a TC structure matrix, we have 
Sqq = 1. Then q is not a vertex of D 1. This is a contradiction. Therefore we 
have that ( p, r) ~ D 1 and D 1 is transitive. • 
LEMMA 3. Let S be an n-extendable TC structure matrix of  order n with 
trace 2. Then D 2 = D(J2 - S[{i, j}]) is a directed complete bipartite graph, 
where {i, j} is defined as in Lemma 1. 
Proof. Without loss of generality, we assume i = n - 1, j = n. Let 
S 2 = S[{n - 1, n}] be the submatrix of  S, D 2 = D(J2 - S2). Suppose that 
D~ is not a directed complete bipartite graph. Then S 2 must be one of 
Suppose 
=1 
$2 [0 
Let V(D(S2) )= {n-  1, n}. Since S is n-extendable, there exist distinct 
indices il, i2 . . . . .  ik , j l ,  j2 . . . . .  j , -3 -k  ~ (n  - 2) such that S[{n - 
1, i 1, i 2 . . . . .  ik}]{n - 1, n, j l , j2  . . . . .  j n -z  k}] is an all-l's submatrix of size n. 
Since S is a TC stucture matrix, 
S[ {n - 1, n , j l , j 2  . . . .  jn a-k}b{n-  1, i l , i2 . . . . .  ik}] 
is also an all-l's submatfix. Let {t} = (n ) \{n  - 1, n, il, i 2 . . . . .  i k , j l , j 2 ,  
. . . .  j ,  3 k}. Since 
{n-  1, n , j , , j2  . . . . .  J , -3 -k}  = (n) \{n-  1, n , j l , j 2  . . . . .  jn -a -k} 
= { i , ,  . . . . .  i ,t} 
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{n-  1, i 1,i 2 . . . . .  ik} = (n ) \{n-  1, i  1,i 2 . . . . .  it} 
= { j l , j2  . . . . .  j n_a_k , t ,  n}, 
S[{il, i2 . . . . .  ik, t}l{j~,j2 . . . . .  j n -a -k ,  t, n}] is an all-l 's submatrix. Then s,, = 
1. This contradicts condit ion (1). Therefore S 2 = 0 
Similarly we can sh°w $2 = [ 11 ~ 0]  is imp°ssible" 1 
Suppose 
Since S is n-extendable, we have distinct indices i 1, i 2 . . . . .  i k , j l , j e  . . . . .  
J , , -4-k E (n  - -  2) such that S[{n - 1, n, i l, i,z . . . . .  ik} I{n - 1, n, j , , j2 ,  
. . . .  j,, 4 k}] is an all-l 's subrnatrix. Let {t, r} = (n ) \{n  - 1, n, i l, i 2 . . . . .  
ik , j J , J2  . . . . .  J , , -4-k}. Then S[{r, t, i 1, i a . . . . .  i01 {r, t , j l , j 2  . . . . .  j , -4 -k}]  is 
an all-l 's submatrix. Thus .%~ = s ,  = 1. This is contradiction. Hence So 
1 ] is =[I 1 impossible. J 
Then we have only 
 =i0 0] 
Therefore the subgraph D 2 = D(J2 - S 2) of D(Jn S) is a directed complete 
bipartite graph. • 
LEMMA 4. Let S be an n-extendable TC structure matrix ( (  order n with 
trace 2. Let D 1 and D 2 be def ined as in Lemma 1. Then D 1 and D 2 are 
transitively connected and there is no cycle of  lenth 2 connecting D, and D 2. 
Proof. Let ares (p ,  q ) , (q ,  r )~ D( J , , -  S), where the indices p, q, r 
are not in the same V(D j )  or the same V(D2).  Then spq = sqr = 0. Without  
loss of generality, we assume i = n - 1, j = n. Then V(D I) = (n  - 2) and 
V(D 2) = {n - 1, n}. 
Let q ~ V(D 1) = (n  - 2). I f  the arc (p ,  r )  ~ D(J,, - S), then Spr = 1. 
Since S is n-extendable, there exists an all-l 's submatrix S [K IL ]  of size n 
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contain ing the e lement  Spr. Since S is a TC  structure matrix, S[ L] K ] is also 
an al l - l 's  submatrix. Since p ~ K and Spq = 0, we have q ¢~ L, i.e., q ~ L,. 
Since Sqr = 0 and r ~ L, we have q f~ K, i.e., q ~ K. Since S[LIK] is an 
al l - l 's  submatrix, s,i q = 1. This contradicts q ~ (n -  2).  Therefore arc 
(p ,  r) ~ D(J,, - S). 
Let q ~ V(D1)  = (n  - 9,). Then q E V(D 2) = {n - 1, n}. Wi thout  loss 
of generality, we assume q = n - 1. Thus sp, n-  1 = sn_ 1, r = 0. By Lemma 
3, we haves, ,  1, n - i  =Snn = land  s,,_l,,, =Sn,~_ 1 = 0. Let p ~V(D 1)= 
(n  - 2). I f  arc (p ,  r)  ~ D( J ,  - S), then set = 1. Since S is n-extendable,  
there exists an al l - l 's  submatr ix S[ K[L] of size n contain ing Spr. Since r ~ L 
and s,~ l, r = 0, we have n - i ~ K, i.e., n - 1 ~ K. Since p ~ K and 
p ~ V(D1), we have p ~ L, i.e., p ~ ~,. Since S is aTC structure matrix and 
S[ K IL] is an al l - l 's  submatrix of size n, S[ L] K ] is also an al l - l 's  submatrix of 
size n. Then  sp, r,-1 = 1. This contradicts the assumption that Sp, n-1 = O. 
Therefore the arc (p ,  r) ~ D(Jn - S). Let p be n. Then  r must  be long to 
V(D j ) ;  otherwise, p, q, r would be in the same V(D2). We can show 
s~r = 0, i.e., Spr = O. Suppose Snr = 1. Since S is n-extendable,  there exists 
an al l - l 's  submatr ix S[ K IL] of size n contain ing Snr. Since s,, , ,_ 1 = 0, we 
have n - 1 ~ L,. Since r ~ V(D1) , we have r ~ K. But S is a TC structure 
matrix, so S[L[K] must also be an al l - l 's  submatrix. This contradicts the 
assumption that s,~_ 1, r = 0. Hence  the arc (p ,  r)  = (n, r) ~ D(Jn - S). 
Similarly, let r be n. We have also sp~ = 0. Hence  arc (p ,  r) ~ D(J~ - S). 
Therefore D 1 and D e are transitively connected.  
Assume that there exist p ~ V(D 1) = (n  - 2) and q E V(D2)  = {n - 
1, n} such that the arcs (p ,  q)  and (q, r )~ D( Jn -  S). Without  loss of 
generality, we assume q = n - 1. Then  (p ,  n - 1) and (n - 1, p) ~ D(J~ 
- S). Since D 1 and D e are transitively connected,  we have (n  - 1, n - 1) 
D(J ,  - S), i.e., s,,_ 1,,, 1 = 0. This is a contradict ion. Thus there is no 
cycle of length 2 connect ing D 1 and D 2. • 
THEOREM l. Let S be a TC structure matrix of order n with trace 2. 
Then S is n-extendable i f and only i f  the following conditions hold: 
(1) the subgraph D 1 = D(Jn_ 2 - S[E])  of D(Jn - S) is transitive, where 
E = (n ) \{ i , j}  and {i, j} is the set of  indices of  entries 1 on its main 
diagonal; 
(2) the subgraph D 2 = D( J2 -  S[{i,j}]) of  D(Jn - S) is a nontrivial 
directed complete bipartite graph, where {i, j} is defined as in (1); 
(3) D 1 and D 2 are transitively connected, and there is no cycle of  length 
2 connecting D 1 and D 2. 
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Proof. The sufficiency follows from Lemma 1, and the necessity follows 
from Lemmas 2, 3, 4. • 
Combining Propostion 3 and Theorem 1, we obtain: 
THb;OREM 2. Let S be a TC structure matrix of order n with trace k, 
where k = O, 2. Then S is n-exte~dable if  and only if the fi)llowing conditions 
hold: 
(1) the subgraph D l = D(J,,_a - S[E]) of D(J,, - S) is transitive, where 
E = (n ) \  F and F is the set of indices ~ entries 1 on its main diagonal; 
(2) the subgraph D k = D(Jk - S[E]) ~( D(J,, - S) is a directed com- 
plete bipartite graph, where E is defined as in (1); 
(3) D I and D~ are transitively connected, and there is no cycle of le~zth 
2 connecting D l and D k. 
REMAI1K. If  k = 0, then D 0 = 0 .  Obviously condition (3) holds. 
This generalizes Bmaldi and Massey's result. 
LEMMa5. Let A be a nonsingular matrix of  order n, and K, L G (n}. I f  
[K[ +]L]  = n, then the submatrix A[ K]L] of A and the submatrix A l[LtK] 
of A - l  have the same rank. 
Proof. Let All = A[KIL]  with IKI + ILl = n. We have Bee = 
A t[LlK]. By Proposition 2, 
r(a . 
THEOREM 3. Let S be an n-extendable TC structure matrix of order n 
with trace k, k = O, 2. I f  A is a nonsingular matrix of order n, then A and 
A- i  have the same S-rank, i.e., 
r(S; A) = r(S; A-] ) .  
Proof. Let r(S; A) = p. Since S is n-extendable, there exists an all-l's 
submatrix A[KIL] of size n such that r (A [K IL ] )  = p. Since S is a TC 
structure matrix and A[KIL]  is an S-submatrix of A, A I[LIK] is an 
S-submatrix of A-  1 
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Similarly let r(S; A-  1 ) = q. Then there exists an S-submatl-ix A -  1[ K1 [ L1 ] 
of A -1 such that r(A-I[KllL1]) =__qand A[LIlK 1] is an S-submatrix of A. 
By Lemma 5, we have r(A-I[LIK]) = r(A[KIL]) and r( A[ LIlK1]) = 
r (A - l [  KilL1]), i.e., p = r (A -  I[L] K ]) and q = r (A[L  11K1]). Byus ing  defi- 
nition of S-rank we have p >~ r( A[ LIlK1]) and q >~ r(A-I[LIK]). Hence 
p=q.  • 
REMARK. I f  the condition k = 0,2 of Theorem 3 is omitted, then 
Theorem 3 still holds. 
The authors would like to thank the referee for a number of helpful 
suggestions. 
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